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Instructions: This paper has four questions spread over three pages. Answer all four questions. A two-
page formula sheet is attached at the end of the paper. You may write your answers in blue or black 
ink. Do not write in pencil or any colour of ink other than the two advised, as such work will not be 
graded. Plots not made using the appropriate graph sheets will not be marked. 

No programmable calculators allowed during this examination.  

Provided: One Bode Charts and one graph paper. 

__________________________________________________________________________________ 

QUESTION ONE [25 Mark] 

You are required to use a mathematically based-frequency method to design a PI controller 𝐺௉ூ(𝑠) =

𝐾௉ +
௄೔

௦
  for the control system, whose transfer function is given as  𝐺ଵ(𝑠) =

ହ଴

(௦ାହ)(௦మାହ௦ାଶ଴)
  . You are 

not required to make any frequency plots in this design problem.  

1.1  Design the PI controller such that the controlled system has a damping factor of 𝜉 = 0.5   at 
the frequency of 𝜔 = 5.03 𝑟𝑎𝑑𝑠ିଵ.       [17] 

1.2 Using the Tustin’s approximation, convert the controller transfer function 𝐺௉ூ(𝑠) into a 
discrete-time transfer function where the system is sampled at a rate of T=0.1 sec.  [3]. 

1.3  Show how the Discrete-time version of 𝐺௉ூ(𝑠) could be implemented using a micro-
controller.          [5]  

 

QUESTION TWO [25 Marks] 

Using a Bode plot-based approach, design a lead controller for the third-order control system whose 

transfer function is given by  𝐺ଶ(𝑠) =
௄

(௦ାଵ)(௦ା଼)(௦ାଶ)
 : such that the performance of the controlled 

system meets the following two requirements: 

(i) A steady-state error of 0.01. 
(ii) A phase margin of 14଴. 

Adjust your final phase margin calculation by  5଴. 



QUESTION THREE [19 Marks] 

 

In Figure 1, the transfer function  𝐺௉ி(𝑠) is the pre-filter, and  𝐺ଷ(𝑠) =
ଷଶ଴

(௦ା௕)మ is the system to be 

controlled. The b-parameter in 𝐺ଷ(𝑠)  varies in the range −1.28 < 𝑏 ≤ 7. Variations in the value of 
the parameter b leads to changes in the poles of 𝐺ଷ(𝑠), with associated variations in the step response 

of 𝐺ଷ(𝑠). Furthermore,  𝐺௅(௦) = 2.964
(௦ା଻.଻଼ଷ)

(௦ାଶଷ.଴଻)
   is a lead controller designed to improve the phase 

margin of the system, when   b=3.  The combination of the Robust controller  𝐺ோ(𝑠) and the pre-filter 
𝐺௉ி(𝑠) is required to minimise deviation in the response of the overall system, when b deviates from 
the nominal design value.  

 

 

 

 

 

 

  

Figure 1: Robust controller design 

 

 

You are required to design the robust controller and the pre-filter using a root-locus based approach: 

3.1 Evaluate the product transfer function  𝐺ସ(𝑠) = 𝐺௅(𝑠)𝐺ଷ(𝑠). Hence obtain the closed-
loop transfer function T(s), of the system in Figure 1, when 𝐺௉ி(𝑠) = 𝐺ோ(𝑠) = 1. [4] 

3.2 Evaluate the poles of T(s).        [2] 

3.3 Draw a detailed root-locus plot of 𝐺ସ(𝑠), showing all poles and zeros of 𝐺ସ(𝑠), the 
asymptotes, asymptote angles, break-away point(s).      [9] 

3.4 Using the root-locus plot of 𝐺ସ(𝑠), derive the transfer function of the robust controller  
𝐺ோ(𝑠), and that of the pre-filter.       [4] 
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QUESTION FOUR [31 Marks] 

 

Figure 2 shows a third-order DC motor system for the control of an angular position 𝜃(𝑡). The direction 
of rotation of the motor is determined by the switched position of the ideal-relay nonlinearity. The 
relay switches between the voltage values of ±𝑈.  The input applied to the relay is x(t), whilst the 
output of the relay is 𝑦(𝑡).  The command input into the overall DC motor control system is set at 
𝜃ௗ = 0.   

 

4.1 If the input into the nonlinearity is given by   𝑥(𝑡) = 𝑋 sin 𝜔𝑡 ; 𝑋଴ > 0, sketch the output y(t) 
of the relay nonlinearity for one period of the input x(t). Hence, write the expression for the 
output 𝑦(𝑡) of the nonlinearity for one period of the input waveform.     [8] 

 

4.2 Derive the describing function  𝑁(𝑋, 𝜔) of the relay nonlinearity.    [10] 

 

4.3 Using the Nyquist stability criterion, determine the amplitude 𝑋 of any limit circle(s) that may 
exist within the DC motor control system.       [13] 

 

 

 

 

 

 

 

 

  

Figure 2: A DC motor control system with dead-zone nonlinearity. 
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ENEL 4CS Formula Sheet 

Also: 𝜃௉ = 𝑠𝑖𝑛ିଵ(
ଵ

ெು
); Radius of M-circle =ฬ

ெು

ெು
మିଵ

ฬ 

 

Centre of M-circle=(
ିெమ

ெమିଵ
, 0) 

Also: 𝜃௉ = 𝑠𝑖𝑛ିଵ(
ଵ

ெು
); Radius of M-circle =ฬ

ெು

ெು
మିଵ

ฬ 

 

Centre of M-circle=(
ିெమ

ெమିଵ
, 0) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1: Formulae for the Nichols-Ziegler’s First Method of Controller Design 
 

Controller Controller Gains 
 

𝑲𝑪 𝑻𝒊 𝑻𝒅 
P 𝑲𝟎   
PI 𝟎. 𝟗𝑲𝟎 𝟑. 𝟑𝝉𝒅𝒆𝒂𝒅  
PID 𝟏. 𝟐𝑲𝟎 𝟐𝝉𝒅𝒆𝒂𝒅 𝟎. 𝟓𝝉𝒅𝒆𝒂𝒅 

 

Table 2: Nichols-Zeigler’s Second Method of Controller Design Based on the Critical 
Gain Parameter 𝑲𝑪𝒓 

Type of Controller 𝑲𝑷 𝑻𝒊 𝑻𝒅 
P 𝟎. 𝟓𝑲𝒄𝒓 ∞ 0 
PI 𝟎. 𝟒𝟓𝑲𝒄𝒓 𝑷𝑪𝒓 𝟏. 𝟐⁄  0 

PID 𝟎. 𝟔𝑲𝒄𝒓 𝟎. 𝟓𝑷𝑪𝒓 𝟎. 𝟏𝟐𝟓𝑷𝑪𝒓 
 

Table 3: A Frequency-Based Computational Approach to PI, PD and PID Formulae 
Type of Controller 𝑲𝑷 𝑲𝒊 𝑲𝒅 

PD 𝑐𝑜𝑠𝜃 𝐴ଵ⁄   𝑠𝑖𝑛𝜃 𝜔ଵ𝐴ଵ⁄  
PI 𝑐𝑜𝑠𝜃 𝐴ଵ⁄  −𝜔ଵ𝑠𝑖𝑛𝜃 𝐴ଵ⁄   

PID 𝑐𝑜𝑠𝜃 𝐴ଵ⁄  𝑲𝒊 is evaluated to meet the 
steady-state error requirement 

𝐾௜

𝜔ଵ
ଶ +

𝑠𝑖𝑛𝜃

𝜔ଵ𝐴ଵ
 

 

Table 4:  Tustin Transformations (Approximations) 

𝑠 =
2

𝑇

(𝑧 − 1)

(𝑧 + 1)
 

𝑧 =
−(𝑠 +

2
𝑇

(𝑠 −
2
𝑇)

=
1 +

𝑇
2 𝑠

1 −
𝑇
2 𝑠

 

 


